Abstract. The problem of boundedness of the Hardy-Littewood maximal operator in local and global Morrey-type spaces is reduced to the problem of boundedness of the Hardy operator in weighted L p -spaces on the cone of non-negative non-increasing functions. This allows obtaining sufficient conditions for boundedness for all admissible values of the parameters. Moreover, in case of local Morrey-type spaces, for some values of the parameters, these sufficient conditions are also necessary.
For x ∈ R n and r > 0, let B(x, r) denote the open ball centred at x of radius r. Definition 1. Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable function on (0, ∞). We denote by LM pθ,w and GM pθ,w the local and global Morrey-type spaces respectively, defined to be the spaces of all functions f ∈ L loc p (R n ) with finite quasinorms
respectively.
Lemma 1. Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable function on (0, ∞). (i) If
w(r) L θ (t,∞) = ∞ for all t > 0, (1) then LM pθ,w = GM pθ,w = Θ, where Θ is the set of all functions equivalent to 0 on R n .
(ii) If
w(r)r
n/p L θ (0,t) = ∞ for all t > 0, (2) 2000 Mathematics Subject Classification: Primary 42B25. Supported by the grants of Russian Foundation for Basic Research (project 02-01-00602) and NATO (project PST.CLG.978412).
[157] then f (0) = 0 for all f ∈ LM pθ,w continuous at 0, and GM pθ,w = Θ for 0 < p < ∞.
Proof. (i) Let (1) be satisfied and f be not equivalent to zero. Then A = f L p (B(0,t 0 )) > 0 for some t 0 > 0. Hence
(ii) Let (2) for all 0 < r ≤ t 0 . Consequently,
, where v n is the volume of the unit ball in R n . Hence f LM pθ,w = ∞, so f ∈ LM pθ,w and we have arrived at a contradiction.
If f ∈ LM pθ,w and it is continuous at 0, then (3) holds with B = |f (0)|. Hence f (0) = 0.
Next let 0 < p < ∞ and let f ∈ GM pθ,w . Then by the Lebesgue theorem on differentiation of integrals, for almost all x ∈ R n ,
By the above argument, f (x) = 0 for all those x. Hence f is equivalent to zero.
Definition 2. Let 0 < p, θ ≤ ∞. We denote by Ω p,θ the set of all nonnegative measurable functions w on (0, ∞) such that for some t 1 , t 2 
In what follows, keeping in mind Lemma 1, we always assume that w ∈ Ω p,θ .
The spaces GM p∞,r −λ/p , where 0 < λ < n, are the classical Morrey spaces introduced in [6] and applied to studying the local behaviour of solutions of second order elliptic partial differential equations. The interpolation properties of the spaces GM p∞,w were investigated by S. Spanne in [11] . The spaces GM pθ,r −λ were used by G. Lu [4] for studying embedding theorems for vector fields of Hörmander type. T. Mizuhara [5] and E. Nakai [7] studied the boundedness of various integral operators in the spaces GM p∞,w .
For a measurable set Ω ⊂ R n and a non-negative measurable
where
These inequalities are particular cases of general inequalities for Lebesgue spaces with mixed quasinorms (see, for example, [8, Section 3.37] ). In particular, for 0 < p ≤ ∞,
F. Chiarenza and M. Frasca [2] have proved the boundedness of M in the classical Morrey spaces. T. Mizuhara [5] and E. Nakai [7] have obtained sufficient conditions on w for the boundedness of M in GM p∞,w . In this paper we improve, in particular, the results obtained in [5, 7] . Moreover, for some values of parameters we obtain necessary and sufficient conditions for the operator M to be bounded from LM pθ 1 ,w 1 to LM pθ 2 ,w 2 . An application of the known necessary and sufficient conditions for the boundedness of the maximal operator from one weighted Lebesgue space to another [10] immediately implies the following result for local Morrey-type spaces. Here and throughout, χ E denotes the characteristic function of the set E.
• If p 1 ≥ θ 1 and p 2 ≤ θ 2 , and for some c 1 > 0 and all balls B ⊂ R n ,
where Proof. Let p 1 ≥ θ 1 and p 2 ≤ θ 2 . By applying (6), the sufficiency of (8) for the boundedness of M and (7) we get
where c 3 > 0 is independent of f, then by (6),
which is known to imply (8) .
Also (9) implies that
In order to obtain conditions on w 1 and w 2 ensuring the boundedness of M for other values of the parameters and to obtain simpler conditions for p = θ 1 = θ 2 we shall reduce the problem of boundedness of M in local Morrey-type spaces to the problem of boundedness of Hardy operator in weighted L p -spaces on the cone of non-negative non-increasing functions.
As in [2, 5, 7] , we start with the inequality
where 1 < p < ∞ and c 4 > 0 is independent of f ∈ L loc 1 (R n ) and r. This is a particular case of a more general inequality established by C. L. Fefferman and E. Stein [3] :
This statement is known, at least with some constant on the right-hand side. For the sake of completeness we give the proof.
Proof. If n = 1, then M χ (−r,r) = 1 for |x| < r and M χ (−r,r) = r/(|x| + r) if |x| ≥ r, and (12) is trivial.
Assume that n ≥ 2. If |x| < r, then M χ B(0,r) = 1 and (12) is trivial again.
Assume that |x| ≥ r. If ≥ |x|, then
, where B n−1 (0, h) is the ball centered at the origin of radius h in R n−1 , and h is the height in the triangle with side lengths r, and |x|, perpendicular to the side of length |x|. Since
, for |x| ≥ r and for all ≥ |x| − r we have
the upper bound in (12) follows. The lower bound is much simpler:
, for all r > 0 and all f ∈ L loc 1 (R n ). In order to estimate the right-hand side integral we first prove the following equality.
Lemma 3. Let φ be a non-negative measurable function on R n . Then for all r ≥ 0,
Proof. By applying spherical coordinates we get
Lemma 4. Let ϕ be a non-negative measurable function on R n . Then for all r ≥ 0,
the statement follows by Lemma 3 because
for all r > 0 and all f ∈ L loc 1 (R n ). Let H be the Hardy operator :
Proof. By Corollary 2, for θ < ∞ we have
, where v is given by (16) and 
Proof. 1. By Hölder's inequality with exponent q/p 2 ≥ 1,
Since q > 1, by Lemma 5 applied to LM qθ 2 ,u 2 we have
, where
and c 9 > 0 is independent of f , because
Since g is non-negative, non-increasing on (0, ∞) and lim t→+∞ g(t) = 0, and H is bounded from
where c 10 > 0 is independent of f.
Finally, by Hölder's inequality with exponent p 1 /q ≥ 1,
where c 11 > 0 is independent of f. 2. To prove the boundedness of M from GM p 1 θ 1 ,w 1 to GM p 2 θ 2 ,w 2 we apply Corollary 3. Since for all x ∈ R n the function g(x, t) defined by (18) is non-negative and non-increasing on (0, ∞) and lim t→∞ g(x, t) = 0, as in
Step 1 it follows that
Since by Hölder's inequality
, as in the second part of Step 1 we obtain
In order to obtain explicit sufficient conditions on the weight functions ensuring the boundedness of M , we first apply the following simple statement.
Lemma 6. Let 0 < θ ≤ ∞, and let w and v be positive measurable functions on (0, ∞). Then the inequality
is satisfied for all non-negative functions g with c 12 > 0 independent of g if , and only if ,
Moreover , the minimal value of c 12 is equal to B.
Proof. Necessity. Taking g = 1/v in (26) we obtain (27).
Sufficiency. It suffices to note that
Applying Lemma 6 to Theorem 2 we obtain the following sufficient condition for the boundedness of the maximal operator in local and global Morrey-type spaces.
Then the operator M is bounded from LM p∞,w 1 to LM pθ 2 ,w 2 and from GM p∞,w 1 to GM pθ 2 ,w 2 .
A similar result was obtained by E. Nakai [7] for w 1 = w 2 = w −1/p (r) and θ 2 = ∞ with an extra condition: there exists c 13 > 0 such that r ≤ t ≤ 2r ⇒ 1/c 13 ≤ w(t)/w(r) ≤ c 13 .
Necessary and sufficient conditions for the validity of
where c 14 > 0 is independent of ϕ, for all non-negative non-increasing functions ϕ are known for most of the cases. For detailed information see [12] , [13] . Application of any of those conditions gives sufficient conditions for the boundedness of the maximal operator from LM p 1 θ 1 ,w 1 to LM p 2 θ 2 ,w 2 and from GM p 1 θ 1 ,w 1 to GM p 2 θ 2 ,w 2 . However, since the reverse of inequality (11) does not hold (take f ≡ 1), there is no guarantee that an application of necessary and sufficient conditions on v 1 and v 2 ensuring the validity of (30) will imply necessary and sufficient conditions for the boundedness of M from
Fortunately for certain values of the parameters this is indeed the case, namely for 1
Note that in this case necessary conditions (which are also sufficient) for the validity of (30) for non-negative non-increasing functions are obtained by taking ϕ = χ (0,t) with an arbitrary t > 0.
Since in the proof of Theorem 2 inequality (30) is applied to the function ϕ = g, where g is given by (24), it is natural to choose, as test functions, functions f t , t > 0, for which B(0,u −1/n ) |f t (y)| q dy is equal or close to A(t)χ (0,t) (u), u > 0, where A(t) is independent of u. The simplest choice is
where c 15 > 0 depends only on n and p.
Proof. The statement follows since for measurable
Lemma 8. For all t > 0 and x ∈ R n ,
Proof. By setting r = |x|+2t and noting B(x, |x|+2t) ⊃ B(0, 2t)\B(0, t) we get
Proof. By Lemma 8 we get Proof. Sufficiency follows from Theorem 5 as in the proof of Theorem 4. The proof of necessity is also essentially the same as in the proof of Theorem 4, with Lemma 9 replaced by Lemma 13.
Remark 4. When defining global Morrey-type spaces, one might consider a weight function w depending not only on r > 0, but also on x ∈ R n , and consider the space of all functions f ∈ L loc p (R n ) for which
For θ = ∞ such quasinorms were considered in [7] . Moreover, it is also reasonable to replace L ∞ (R n ) by L η (R n ), where 0 < η ≤ ∞, thus assuming that
If in Theorem 2 formulas (21) and (22) where C is the cone of all non-negative functions ϕ non-increasing on (0, ∞) and satisfying lim t→∞ ϕ(t) = 0, then the maximal operator M is also bounded from GM p 1 θ 1 η,w 1 to GM p 2 θ 2 η,w 2 . Similar remarks refer to all other inequalities of the paper involving global Morrey-type spaces or global weak Morrey-type spaces.
A brief exposition of the results of this paper, without proofs, is given in [1] .
